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Abstract 

We introduce the notion of pseudohermitian /c-curvature, which is a natural extension of the Webster scalar 
curvature, on an orientable manifold endowed with a strictly pseudoconvex pseudohermitian structure (referred 
here as a CR manifold) and raise the A;- Yamabe problem on a compact CR manifold. When k = 1, the problem was 
proposed and partially solved by Jerison and Lee for CR manifolds non-locally CR-equivalent to the CR sphere. 
For k > 1, the problem can be translated in terms of the study of a fully nonlinear equation of type complex 
A>Hessian. We provide some partial answers related to the CR fc- Yamabe problem. We establish that its solutions 
with null Cotton tensor are critical points of a suitable geometric functional constrained to pseudohermitian 
structures of unit volume. Thanks to this variational property, we establish a Obata type result for the problem 
and also compute the infimum of the functional on the CR sphere. Furthermore, we show that this value is an 
upper bound for the corresponding one on any compact CR manifolds and, assuming the CR Yamabe invariant 
■ is positive, we prove that such an upper bound is only attained for compact CR manifolds locally CR-equivalent 
to the CR sphere. In the Riemannian field, recent advances have been produced in a series of outstanding works. 
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1 Introduction, overview and main statements 



The geometry of CR manifolds, namely the abstract model of real hypersurfaces in complex manifolds, has 
attracted, since the late 70's, a lot of attention of prominent mathematicians as for instance Chern, Moser [9], 
Fefferman [II], Jacobowitz [20], Jerison, Lee [2], [22], [23], [21], [25], [26], Tanaka [33], Webster 02], among many 
others. This geometry is very rich when the CR manifold admits a strictly pseudoconvex structure in which case 
we encounter a great analogy with the geometry of Riemannian manifolds. 

A pseudohermitian structure on a CR manifold (M, Xio(M)) of dimension 2n + 1, n > 1, is a contact form 
9 that annihilates the Levi distribution H(M) defined as the real part of the subspace T\^{M) © Tq^(M) of the 
complexified of T(M). Such a structure determines a natural hermitian metric on the CR structure Txfi(M), 
namely the Levi form Lg, which is well-defined modulo a multiplication by a smooth function, exactly as occur 
in conformal Riemannian geometry. If the form Lg is definite, then (M, 9) is said to be a strictly pseudoconvex 
pseudohermitian manifold. When M is orientable, it follows that the bundle of annihilators H{M) 1 - := {9 € 
T*(M) : H(M) C ker#} admits a natural orientation. We say that 9 £ H(M) 1 - is positive, when Lg is positive 
definite. In this case, there is an endomorphism J : H(M) — > H(M) such that J 2 = — 1 and a unique real 
vector field T, known as characteristic vector field of 9, such that 9(T) = 1 and d9(T, •) = 0. In particular, it 
is possible to define a Riemannian metric gg, known as Webster metric, and a pseudohermitian connection V 
on TM (g) C, known as Tanaka- Webster connection, compatible with J and gg. Prom this connection, one gets 
the notions of pseudohermitian curvature tensor, pseudohermitian Ricci tensor, torsion tensor on Xio(M) and 
Webster scalar curvature of 9. The Webster scalar curvature is the corresponding CR of the Riemannian scalar 
curvature and was independently introduced by Webster [42] and Tanaka [33]. Indeed, Webster constructed a 
pseudohermitian curvature tensor similar to the Riemann curvature tensor, except that possibly admits torsion. 
Such a construction led him readily to the notions of pseudohermitian Ricci curvature tensor and to the so-called 
Webster scalar curvature. Throughout this paper, a CR manifold will mean an orientable CR manifold endowed 
with a strictly pseudoconvex pseudohermitian structure. 

A usual strategy in conformal geometry consists in choosing a metric in the conformal class of a fixed metric 
g so that the geometry becomes simpler in some aspects. For instance, we have: 

The Yamabe Problem. Given a compact Riemannian manifold (M, g) of dimension n, finding a metric 

conformal to g with constant scalar curvature. 

The great interest in this problem lies in the fact that its truth may mean that some topological questions 
can be reduced to other geometric ones on constant curvature models. For instance, when n = 2, the Yamabe 
problem is equivalent to the uniformization theorem from complex analysis. When n > 3, the Yamabe problem 
was completely solved by Aubin [TJ , Schoen [32] and Trudinger [36] from the analytical formulation of a geometric 
invariant introduced by Yamabe [43], the so-called conformal Yamabe invariant. 

A parallel problem was proposed in the CR manifold context by Jerison and Lee in [22]. Precisely: 

The CR Yamabe Problem. Given a compact CR manifold (M, 9) of dimension 2n + 1 > 3, finding a 
pseudohermitian structure conformal to 9 with positive orientation and constant Webster scalar curvature. 

The CR Yamabe problem was partially solved by Jerison and Lee, within four pioneer works [21], [22], [23] . 
[24] . for a compact CR manifold of dimension greater than 3 and non-locally CR-equivalent to the CR sphere. In 
short, given a compact CR manifold M of dimension 2n + 1, they proved the existence of a conformal geometric 
invariant A(M), analogous to the conformal Yamabe invariant, satisfying: 

(a) A(M) depends only on the CR structure on M; 

(b) A(M) < A(S 2n+1 ), where S 2n+1 denotes the CR sphere in C n+1 ; 
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(c) if M is non-locally CR-equivalent to S 2n+1 and n > 1, then A(M) < A(S 2n+1 ); 

(d) if X(M) < A(S 2n+1 ), then M admits a conformal pseudohermitian structure with constant Webster scalar 
curvature. 

The remaining cases, namely when n = 1 or the CR manifold is locally CR-equivalent to S 2n+1 for n > 2, were 
completed by Gamara and Yacoub in the works pL2j and [13J. 

Before we go further, a little bit of notation and background about Riemannian geometric tensors should be 
introduced. Let (M,g) be a Riemannian manifold (M,g) of dimension n > 3. Denote by Rm g the Riemann 
curvature tensor with respect to the metric g. It is well known that the tensor Rm g can be decomposed as 

Rm g = W g + S g Qg, 
where W g stands for the Weyl conformal tensor and S g for the Schouten tensor 

S = (Ric ; -q) , 

9 n-2 V 9 2(n-iy' 

where Ric g and R denote, respectively, the Ricci tensor and the scalar curvature of g and represents the 
Kulkarni-Nomizu product (for instance, see dj). This factorization plays a key role in Riemannian geometry 
because the Weyl tensor W g is a conformal invariant, being identically null if, and only if, either n = 3 or n > 4 
and M is locally conformally flat. In particular, the study of conformal deformations can be carried from the 
properties of the Schouten tensor S g . 

Let (jfc be the k-th elementary symmetric function. For each symmetric real matrix A of order n, denote the 
spectrum of A by (Ai, . . . , A re ) and define 

h<-<h 

Of course, at- is invariant by the conjugation A i— > P^'AP, where P is an orthogonal matrix, &i(A) = trace(A) and 
a n (A) = det(A). 

In [37], Viaclovsky considered the function at on tensors of type (1,1) and introduced the notion of /c-curvature 
of a metric jonMas 

0fc(s) := Okig^Sy) , 
where g~ l S g is locally seen as (g~ 1 S g Yj = g lk {S g )kj- For k = 1, we have 

R 

fJl(5) = 2(^T)' 

so that, modulo a positive constant, the fc-curvature notion extends the scalar curvature one of g. 

At the beginning of the 2000s, Viaclovsky [37] and Chang, Gursky and Yang [8] focused, independently, their 
attention on the following extension of the Yamabe problem: 

The A;- Yamabe Problem. Given a compact Riemannian manifold (M, g) of dimension n, finding a metric 

conformal to g with constant A;-curvature. 

Since then, important results have been established in a series of outstanding works. We refer again to PQ, [32J, 
|36j . |43j for the complete solution of the problem in the case k = 1 from 1960 to 1984 and to [6], [8], [II], [16] . 
PI], U2], [22] , (3D, [39], [35] for the partial solution in the case k > 1 from 2000 to 2010. 

In order to state two central results due to Viaclovsky, consider a compact Riemannian manifold (M,g) of 
dimension n > 3 and a metric g conformal to g, that is g = e~ 2u g for some smooth function u. After some 
computations, one arrives at the following relation between the Schouten tensors S g and S g : 
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So = S„ + V 2 u + du® du — - — g , 

2 

so that o~ k (g) is constant if, and only if, u satisfies the equation 

|y 7 ,|2 

a k {S g + V 2 u + du(g>du- l -^g) = \e~ 2ku on M (1) 

for some real constant A. It is worth mentioning that ([T]) is a /c-Hessian type fully nonlinear equation whenever 
k > 1 and that clearly becomes the Yamabe equation when k = 1. 

By (H|), one easily checks that the function v defined by the relation e~ 2u = v p ~ 2 , with p = 2n/{n — 2), satisfies 
the equation 

°k{ T ^: — ) = \v k on M, (2) 
(n — 2) v 

where 

2 



n-2 „ n n Vv®Vv 1 \\Vv L 

y = vS 9 - V 2 v + ^ff : 

2 n — 2 f n — 2 v 



or equivalently, 



T v ' n-2 / 



C k [v]:=v {i ~ f:> ~a k (y) = Xv— on M. (3) 

The operator C k is naturally called the k- Yamabe operator. When k = 1, the operator £i is, up to a constant 
factor, equal to the Yamabe conformal operator and ([3]) yields the Yamabe equation. When k > 1, the fc- Yamabe 
problem (or the equation ((3|)) was first investigated by Viaclovsky in the handsome work |37j . We highlight below 
some of his main results. The first one provides an answer about the variational nature of the equation ([T|) and 
the second one concerns with a uniqueness result for the Yamabe problem. 
Precisely, we have: 

Theorem A (Theorem 1 of |37j ). Let (M,g) be a compact Riemannian manifold of dimension n > 2 and 
A4 = {g S [g] : f M dv g = 1}. If k ^ ^ and (M,g) is locally conformally flat, then a metric g G Ai is a critical 
point of the functional 



■ 9 >-> / o- k (g) dv-g 

JM 



constrained to A4 if, and only if, o~ k (g) = X k for some constant X k . If (M,g) is non-locally conformally flat, then 
the statement is true for k = 1 and k = 2. 

Theorem B (Theorem 3 of |37J). Let (M,g) be a compact Riemannian manifold of dimension n > 2 with 
unit volume and non-null constant sectional curvature. Then, for any k € {1, . . . ,n — 1}, g is the unique solution 
of unit volume of the equation cr k (g) = c in its class conformal unless (M,g) is isometric to the round sphere S n . 
In this case, we have an (n + I) -parameter family of solutions that are the images of the standard metric under 
conformal diffeomorphisms ofS n . 

Consider the Gaxding cone in M. n 

r+ = {A = (Ai, . . . , A re ) G M n : o~j (A) > for all j < k} . 

A metric g on M is said to be /c-positive if o~j(g)(x) > for all x E M and 1 < j < k. In this case, we simply 
denote g G . If both g = e~ 2u g and g are fc-positive, we then say that u is fc-admissible. 
In a precise way, we present another statement of the k- Yamabe problem. 
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A second version of the A;-Yamabe Problem. Given a compact Riemannian manifold (M, g) of dimension n 
with /c-positive metric, finding a /c-positive metric conformal to g with constant /c-curvature. 



A fact that deserves mention, which has been recently proved, it is that certain Riemannian metrics g on M 
admit a fc-positive conformal metric, see [IB], [IB] and [3D]. Thus, in some situations, the assumption of the above 
problem can be removed. 

Another result proved by Viaclovsky is that the equation (JTJ) is elliptic on any £;-admissible solution u. Such 
an ellipticity played an important role in the work |31j . 

There is a number of key results concerning with the fully nonlinear equation ([1]). We select some of them 
connected with the existence of solution for the /c-Yamabe problem. Namely, when k = n, under a few conditions, 
Viaclovsky [39] proved the existence of a solution for the problem ([1]). The interesting case n = 2k = 4 was studied 
by Chang, Gursky and Yang [§]. When the manifold is locally conformally flat, the problem was independently 
solved by Guan and Wang |17] and Li and Li [27]. The case k > n/2 was dealt by Gursky and Viaclovski |19] , 
When k = 2 and the manifold is non- locally conformally flat, the problem was solved by Ge and Wang j!4j . 
An interesting strategy in solving the remaining cases, namely 2 < k < n/2 and non- locally conformally flat 
manifolds, was presented by Sheng, Trudinger and Wang in |31j . whose solution was given under the assumption 
of the problem (pQ) be variational. Unfortunately, just in these cases, the problem is not variational as proved by 
Branson and Gover in [6j, leaving the question still open. 

In the present paper, we introduce the /c-Yamabe problem in the CR manifolds context and discuss on some 
related issues. For instance, we establish the corresponding of Theorem A in this new setting and, from the 
variational property, we produce a partial version of Theorem B on the CR sphere. 

Let (M, 0) be a CR manifold of dimension 2n + 1. The Chern pseudo-conformal tensor [9] is a well-known CR 
geometric invariant which is null if, and only if, either n = 1 or M is locally CR-equivalent to the CR sphere. The 
similarity between this tensor and the Weyl conformal tensor leads naturally to ask about the CR analogue of the 
Schouten tensor. Inspired on the work of Chern and Moser [9], Webster |42] noticed that the pseudohermitian 
curvature tensor Rg, seen as a tensor of type (4,0), can be decomposed as 

Re = Ch e + S e BL e , (4) 

where Che stands for the Chern pseudo-conformal tensor, □ is the CR corresponding of the Kulkarni-Nomizu 
product and Se is the tensor of type (2, 0) given by 

S „ = ^( ffic9 __JL_ L9 ), (5 ) 

where Rice and R denote, respectively, the pseudohermitian Ricci tensor and the Webster scalar curvature. The 
tensor Se will be called the pseudohermitian Schouten tensor associated to the pseudohermitian structure 6. In 
parallel to what occurs in the Riemannian geometry, the pseudohermitian Schouten tensor plays an important 
role in the CR geometry. 

Since the tensor Se is hermitian on T\ o(M), we can introduce the notion of pseudohermitian /e-curvature (7^(6) 
of 9 as 

a k {9) := a k {L 9 - x S 9 ) , 

where Le~ l Se is locally given by S a " := hP^ '(Se) a ^, being hr* and (Se) a ^y, respectively, the components of the 
tensors Le~ x and Se- As we shall see, 

oi(0) 



2(n + l) ' 

In other words, the pseudohermitian 1-curvature is a constant multiple of the Webster scalar curvature. 
In a natural way, we propose the following question: 
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The CR fc- Yamabe Problem. Given a compact CR manifold (M, 9) of dimension 2n + 1 > 3, finding an 
orientation preserving pseudohermitian structure conformal to 9 with constant pseudohermitian /c-curvature. 

An orientation preserving pseudohermitian structure 9 conformal to 9 can be written as 9 = e 2u 9 for some 
smooth function u on M . The relation between the pseudohermitian Schouten tensors Sg and Sg is given in terms 
of u by 

S § = S e -2V 2 u + [iT e u - \\du\\ 2 e )Lg , (6) 

where V 2 u denotes the complex Hessian of u and Tg stands for the characteristic direction associated to d9. From 
©, it follows that 07.(0) is constant if, and only if, u satisfies 

<r k {Sg -2V 2 u + {iT B u- \\du\\ 2 e )L e ) = Xe 2ku on M (7) 

for some constant A. Remark that (|7|) is a fc-Hessian type fully nonlinear equation whenever k > 1 and that 
recovers the CR Yamabe equation when k = 1. 

Performing now the change e 2u = v p ~ 2 , with p = 2 + 2/n, one obtains 



a k (- — ) = Xv k on M , (8) 



n v 



where 



Moreover, v also satisfies 



V = - vSg - V V H h -(iTgV -)Lg . 

2 n — 2 v 2 nv 



C k [v] := v (1 - fc) V CTfe (y) = AvV = Av^ 1 on M . (9) 

The operator C k will be naturally called the fc-Yamabe operator. As we shall see in the next section, the 
operator C\ is a multiple of the CR Yamabe conformal operator introduced by Jerison and Lee |22j . 

Regarding again the Gaxding cone T^, we say that a pseudohermitian structure 9 on M is /c-positive if 
<jj(9)(x) > for all x € M and 1 < j < k. When both 9 = e 2u 9 and 9 are A:-positive, we say that u is fc-admissible. 
Denote by [9] + the set of the fc-positive pseudohermitian structures compatible with 9. 

We now state a variation of the CR A> Yamabe problem. 

A second version of the CR A;- Yamabe problem. Given a compact CR manifold (M, 9) of dimension 
2n + 1 > 3 with /c-positive pseudohermitian structure, finding a /c-positive pseudohermitian structure conformal 

to 9 with constant pseudohermitian fe-curvature. 

Motivated by previous contributions on the Riemannian A;- Yamabe problem, a strategy in solving the above 
problem is knowing if the problem is variational. In order this, we consider the following functional 

Y k :9^ [ a k (9)dV- e , (10) 
Jm 

constrained to the subspace 

M = {9e [9] : f dV~=l} 

of conformal pseudohermitian structures 9 of unit volume and compatible with 9. From the relation between C\ 
and the CR Yamabe conformal operator, it follows that Y\{9) = 2( - n 1 ( _ 1 ^ y(0), where Y is the previously mentioned 
CR Yamabe functional associated to 9. 
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Before presenting our main results, we need to recall some geometric concepts in CR geometry. 
Given a CR manifold (M,8) of dimension 2n + 1, the pseudohermitian Cotton tensor Cg is a tensor of type 
(3, 0) locally defined by 



Cprry — S p<j;7 $ycr;p (H) 

where S p „ represents the components of the pseudohermitian Schouten tensor Sq. 
Our first result concerns to a variational property of the problem ([7J). 

Theorem 1.1. Let (M, 9) be a compact CR manifold of dimension 2n + 1. If k > 1, then a conformal pseudoher- 
mitian structure 6 £ M satisfying Cg = is a critical point of M0\) if, and only if, o~k(9) = A& for some constant 
Afc. 

The above theorem will be a fundamental tool in the study of the CR fc-Yamabe problem on the CR sphere, 
namely in the proof of Corollary 1.4 and Theorem 1.4. Indeed, the example of the sphere is the what inspired us 
in the search for a variational property as above. On the other hand, it would be very interesting the construction 
of other examples on which the above theorem can be applied. 

We now recall in brief the notion of pseudohermitian torsion tensor. Consider n forms {8 1 , . . . ,9 n } of type 
(1, 0) whose restrictions to T\ t o(M) form a basis for T* (M) and such that Tq J 9 a = for a = 1, . . . ,n. In other 
words, {9 a } is an admissible coframe. Note that {6, 6 1 , . . . , n , 6 1 , . . . , 9 n } is a coframe for T(M) <g> C. Choose 
an admissible coframe {0 a } and consider its dual frame {T a } for Ti o(Af) with the convention T a = Webster 
showed that there are uniquely determined 1-forms oj^ a and r a on M satisfying 

d0 a = 7 Aw" + flAr a , 



dh aj3 - uj aj3 + uip a , 

Ta A0 a = O, (12) 
where h a s demote the components of the Levi form Lg . By (112ft , we can write 

with A ai = A ia . 

The tensor whose components are A a g is called the pseudohermitian torsion of 9 and denoted by tq. The 
pseudohermitian torsion is said to be parallel with respect to the Tanaka- Webster connection V, if Vt# = 0. An 
immediate consequence of the Bianchi identities (see [26j ) is that parallel torsion implies in vanishing of the Cotton 
tensor. 

Corollary 1.1. Let (M,9) be a compact CR manifold of dimension 2n+ 1. If k > 1, then a conformal pseudo- 
hermitian structure 9 G A4 with parallel torsion is a critical point of U0\) if, and only if, o~k{6) = for some 
constant A^. 

Another particularly interesting situation holds when the CR manifold (M, 9) is torsion-free. In this case, if 
9 = e 2u 9 is a pseudohermitian structure conformal to 9, under the Cotton-admissibility condition for u, we have 
Cq = 0. Indeed, a function u is said to be Cotton-admissible if satisfies 

U a u $a ~ U a Ufi a = 

for all a, P,a G {1, n}. A standard class of Cotton-admissible functions is given by CR-pluriharmonic functions, 
precisely functions that are real part of CR functions, see [26] . 
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Consider the sets 

C[0] = \e 2u : u is Cotton-admissible} , 

= \e 2u : u is /c-admissible and Cotton-admissible} . 

Corollary 1.2. Let (M,6) be a torsion-free compact CR manifold of dimension 2n + l. If k > 1, then a conformal 
pseudohermitian structure 9 £ M (1 C[9] is a critical point of I70|) if, and only if, crk(9) = A& for some constant 

The next result requires the notion of pseudo-Einstein structure. We recall that a pseudohermitian structure 
9 on M is said to be pseudo-Einstein if, constrained to T\^{M), one has Ricg = ^Lg. 

Theorem 1.2. Let (M,6) be a compact CR manifold of dimension 2n + 1. Assume that k > 1 and 9 is pseudo- 
Einstein. If 9 G [0] + has constant pseudohermitian k-curvature and null Cotton tensor, then 9 is pseudo-Einstein 
too. 

An immediate consequence of the preceding result is 

Corollary 1.3. Let (M,0) a compact CR manifold of dimension 2n + 1. Assume that k > 1 and 9 is torsion-free 
and pseudo-Einstein. If 9 G C[9] + has constant pseudohermitian k-curvature, then 9 is pseudo-Einstein too. 

We also obtain a classification result of solutions for the Yamabe problem on the CR sphere § 2n+1 , the 
so-called Obata type result. In fact, we have: 

Corollary 1.4. Let (S 2n+1 ,9) be the CR sphere of dimension 2n + l. Let k > 1. If the pseudohermitian structure 
= e 2u 9 G C[9] + has constant pseudohermitian k-curvature, then 9 is equal to a multiple of the canonical form 9 
by some CR- automorphism ofS 2n+1 . 

In view of well-known results on the Riemannian /c-Yamabe problem and the CR Yamabe problem, we believe 
that Corollary 1.4 can be extended as follows: 

Conjecture 1.1. Let (S 2n+1 ,9) be the CR sphere of dimension 2n + 1. Let k > 1. If the pseudohermitian structure 
= e 2u 9 G [9]+ has constant pseudohermitian k-curvature, then 9 is equal to a multiple of the canonical form 9 
by some CR- automorphism of S 2n+1 . 

Of course, the truth of Conjecture 1.1 would imply in the complete solution of the k- Yamabe problem on S 2n+1 . 
Given a CR manifold (M,9) of dimension 2n + 1, we introduce the following constants: 

A fe (M) =\ni{Y k {9) :0eMn[0}}, 

A+(M) = inf{Y fc (^) : # G M n [0]+} 

and 

\ c k {M) = mi{Y k {0) :0£Mn C[0] + } . 
In the case that M is compact, each above constant is finite and, moreover, 

Afc(M) < A+(M) < \ c k (M) . 
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These constants will be referred as the CR /c-Yamabe constants. A natural issue is knowing if, at least, one of the 
above inequalities is strict for some compact CR manifold. This is an open question. 

An important consequence of Theorem 1.1 and Corollary 1.4 is that the above introduced constants, in the 
case of the CR sphere (S 2n+1 ,9), are attained by a multiple of the form 9 by some CR-automorphism of § 2n+1 . 
Using this fact, we produce the following result: 

Theorem 1.3. Let (§ 2n+1 ,#) be the CR sphere of dimension 2n + 1. Then, for any k > 1, 

A fc (S 2re+1 ) = A+(S 2n+1 ) = A£(S 2n+1 ) = C(n, k)n k , 
where C(n,k) denotes the Newton binomial coefficient given by n\/k\(n — k)\. 

Another interesting application of Theorem 1.1 and Corollary 1.4 is the existence of extremal functions for 
Hessian type Folland-Stein inequalities on the Heisenberg group. We refer to [2] for more details. 

In parallel to what occurs in the Riemannian context, we also hope that the CR /c-Yamabe constants play a 
central role on the existence of solution for the CR /c-Yamabe problem. Our next theorem establishes an upper 
bound for the CR /c-Yamabe constant \t(M) on any compact CR manifold (M, 9) of dimension 2n + 1 and also 
a classification result in the equality case. 

Precisely, we have: 

Theorem 1.4. Let (M,9) be a compact CR manifold of dimension In + 1. Then, for any k > 1, 

A£(M) < A+(S 2n+1 ) . 

Furthermore, assuming A(M) > 0, the above inequality yields equality if, and only if, M is locally CR-equivalent 
to the CR sphere § 2n+1 . 

Thanks to the previous result, to the solution of the Riemannian and CR Yamabe problems and, specially, to 
developments due to Sheng, Trudinger and Wang [31] on the /c-Yamabe problem and to the recent work due to Li 
and Monticelli [28] on fully nonlinear PDEs in the Heisenberg group, we are led to raise the following conjecture: 

Conjecture 1.2. Let (M,9) be a compact CR manifold of dimension 2n + l. If k > 1 and 

A+(M)< A+(S 2 " +1 ) , 

then the CR k-Yamabe constant \£(M) is attained by a positive smooth function u. In particular, the CR k- 
Yamabe problem has a solution provided that it is variational and \£(M) < A^(S 2n+1 ). 

Indeed, we believe that this conjecture can be partially achieved with aid of the program introduced in [31] and 
of some ideas developed in the work [28] . 

The proof of Theorem 1.4 relies on an ellipticity result for the Hessian type fully nonlinear equation ([7]). In a 
precise way, we have: 

Theorem 1.5. Let (M,9) be a compact CR manifold with k-positive pseudohermitian structure 9 and be u G 
C°°(M) a positive function such that 

Cu := a k {S e - 2V 2 u + (iT e u - \\du\\j)L e ) > on M. 

Then C is elliptic at u, that is the linearized of C at u provides an elliptic operator. 

The organization of paper is as follows. In Section 2, we present some geometric tensors which are essential 
in CR geometry and the notion of pseudohermitian A:-curvature. Section 3 is devoted to the formulation of the 
/c-Yamabe problem on compact CR manifolds. In Section 4, we provide the complete proof of Theorems 1.1 and 
1.2. In Section 5, we focus on the proof of Theorem 1.5. Finally, in Section 6, we present the proof of Theorems 
1.3 and 1.4. 
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2 Pseudohermitian geometric tensors and the CR £>curvature 



In this section, we recall some important geometric tensors in CR geometry and introduce the ^-curvature notion. 
The strategy of construction of this curvature is inspired in the work [37] of Viaclovsky. 

Our first goal is to search for a tensor associated to CR manifolds that plays the same role exerted by the 
Schouten tensor in Riemannian geometry. Such a CR tensor will be naturally called pseudohermitian Schouten 
tensor. 

Unless otherwise said, we adopt the following conventions for the range of indices in this work. The Greek 
indices a, j3, 7, . . . vary from 1 to n, while the Latin indices A, B,C, . . . vary in {0, 1, . . . , n, 1, . . . , n}, with the 
convention To = T. We also adopt the Einstein summation convention and use the matrix h Q -a, formed by the 
components of the Levi form Lg, to raise and lower indices. 

Let (M,6) be a CR manifold of dimension 2n + 1. The pseudo-conformal curvature tensor (or Chern 
tensor), introduced by Chern and Moser in [S], is the tensor Chg of type (3, 1) with components 

1 R 

C/3 a \a = Rp a \v ~ - -^ {R^hxa + R\ a hpa + 5pR Xd . + 5\Rf3d) + ( n + i)( n _|_ 2) ^P hx °- + V^) > ( 13 ) 

where Rg a x ^, Rpp, h a p and R denote, respectively, the components of the pseudohermitian curvature tensor, of the 
pseudohermitian Ricci tensor, of the Levi form and the Webster scalar curvature associated to the pseudohermitian 
structure 9. Note that C^ a x - are similar to the components of the Weyl tensor, but viewed as a tensor of type 
(3,1). 

The Chern tensor Chg is similar to the Weyl tensor of the Riemannian geometry in the sense that Chg vanishes 
if, and only if, n = 1 or M is locally CR-equivalent to the CR sphere. Thus, it is natural to seek an analogous of 
the Schouten tensor starting from a decomposition of the pseudohermitian curvature tensor into two parts, being 
one of them given by the Chern tensor. 

Performing a contraction in (|13p with the Levi form h a -p, we find 

R 

+ (n + l)(n + 2) {hx ^ + h f» hx *> ■ 
Consider the following product □ on (2, 0)-tensors associated to (M,9): 



{K □ S)(X, Y, Z, W) = K(X, Y)S{Z, W) + S(X, Y)K(Z, W) + K(X, W)S(Z, Y) + S(X, W)K(Z, Y) . 

This product plays in CR geometry the same role played by the Kulkarni-Nomizu product in Riemannian geometry. 
Given a frame {T a } associated to (M,9), one has 

(Ricg □ Lg)(Tp,Tp, T\,T 5 ) = Rpph\„ + Rxphp& + R\ahpp + Rp&hxp , 
(Lg □ Lg)(Tp,Tp, T\,T S ) = 2(h X ahf3ji + hp&hxji) . 

Then, we can write 

1 R 

Cffnxd = RpjiXa rrr(^ c 6» _ 77? — rrr-^e) ^ LgiTp, Tp, T A , T 9 ) . 

n + 2 2{n +1) 

Therefore, the pseudohermitian Schouten tensor is naturally defined as 

Se = ^T2 {RlCe ~ 2(^TT) Ldh 
10 



since 



Rg — Chg + Sq H Lg . 

Note that Sq is a (2, 0)-tensor on (M, 0) whose components are given by 



'a/3 



:{R r ~ —h r 



It's easy to see that S a 5 is hermitian on T±fi(M). Using the natural complex extensions of R a 3 and h a g, we can 
consider S a p defined on T(M) £g> C. Assuming this definition, Sg inherits the properties 



? t— 1 \ /t 




^-4 

n+2 a 






n+2 a 












In addition, the tensor Sg has the following matrix representation with respect to a fixed frame: 



Sg : 



where A a p denotes the components of the pseudohermitian torsion tensor as in the introduction. In particular, 
S a p determines Sg only when (M, 9) is torsion-free. 

Since the Chern tensor is a conformal CR invariant, in order to investigate conformal deformations of pseudo- 
hermitian structures, we focus our attention on the tensor with components S a 5. 

Let 9 = e 2u 9 be a pseudohermitian structure conformal to 9. Consider an admissible coframe {9 a } associated 
to (M,9). For most purposes, it is appropriate to work with the coframe {9 a = 9 a + 2iu a 9}, which is admissible 
for (M, 9) and is dual to the original holomorphic frame. Regarding the coframe {9 a }, the components of the Levi 
form Lg satisfy h a p = e 2u h a p, see [26]. Furthermore, 

R a p = R a0 ~{n + 2)(u a p + Ufa) - (n 7 7 + + 4(n + l)u 7 u 7 )/i Q/ 3 , 



R = e ~ 2u {R - 2(n + l)(u 7 7 + uj) - An{n + l)u 7 u 7 ) . 



Thus, 



'a/3 



;( R aB ~ — — 



n + 2 ^-«P 2(n + l) af} 
1 



n + 2 



n + 2 
1 



(R a p - (n + 2)(u a p + Ufa) - (u 7 7 + n 7 7 + 4(n + l)u 7 u 7 )/i Q/5 ) 



1 e~ 2u (R - 2(n + l)(ii 7 7 + u 7 7 ) - 4n(n + l)u 7 ii 7 , 



n + 2 



2(n + l) 

-'7 + u *f 

R aB ~ \ u aB + u 0a 



u 7 7 + n 7 7 + 4(n + l)u 7 ii 7 
^ n~+~2 



a/3 



2(n+l)(n + 2) /l ^ + 



u 7 + « 7 + 2nu y u' y 



n + 2 



-h 



a/3 



1 -R 



so that 
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We now introduce a suitable hermitian form L* 9 on T*{M) ® C. Let {9, 9 a , 9 a } be a coframe on T*(M) <8>C. Define 

L* e (6 A ,6 B ) := /t AB 
and extend linearly to all T*{M) (g) C. In this way, 

L* e {6 a ,0P) = h a ~ p , 

L* e {9 a ,9 p ) = L* (0°,9P) 
So, for any smooth function it on M, we have 

||dit||g = LQ(du,du) 

= L* e (u a 9 a + Ua9 a + u #, + utfP + u #) 
= u a Uah a/3 + Ua.uph a P 

= 2u a Uph a P 
= 2u a u a . 

Using the identity u a g — Ug a = iuoh a g (see [25]), we can state the following proposition: 

Proposition 2.1. Let (M, 9) be a CR manifold of dimension 2n + 1 and 9 = e 2u 9 be a pseudohermitian structure 
conformal to 9. Regarding the admissible coframe {9 a = 9 a + 2iu a 9} of (M, 9), we have 

Sap = ^0/3 ~~ M a/3 ~~ u j3a ~ \\^ u \\e^afi > 

S a p = S a p - 2u a p + (t«o - ||d«||i)/i aj S ■ 

In particular, we have on T\<o(M), 

S~= S g - 2V 2 n + (iT e u - \\du\\j)L g . (15) 

A tensor K : T(M) ®Cx T(M) (g> C — > C of type (2, 0) is said to be pseudohermitian if, for any frame {T a }, 
satisfies 

1. K A b = Kab > (X is real ) 

2. if a/ g = Kpa , (if is Hermitian on T\ t o) 

3. i^AB = K B a,VA,B e {l,...,n,I,...,n} (if is symmetric on H(M) <8> C) 

where Kab = K(Ta,Tb)- The Levi form associated to a pseudohermitian structure is an example of pseudoher- 
mitian tensor with h a R = 0. Other ones are the pseudohermitian Schouten tensor Sg and the pseudohermitian 
Ricci tensor Ricg. 

Since Lq is nondegenerate on H{M) <S> C, for each X € H{M) <g> C, there exists a unique X* € H(M) <g> C such 
that 

/jr(jf,y) = L e (x*,F) 

for all Y € H(M) ® C. Moreover, the map X — > X* is C-linear. Therefore, related to K, one defines a tensor if* 
of type (1, 1) on T{M) ® C by 



= L* e (9,9 B ) = L* e (9 A ,9) = 0. 
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K*{X) 



X* if X € H{M) 
otherwise 



The tensor X* is called adjoint representation of K with respect to the Levi form 
Taking a frame {Tq,}, we have 



Writing 



one obtains 



Consequently, 



and 



Kofi 

K a/ 3 



K{T a ,T- p ) = L e {K*(T a ),T- p ), 
K(T a ,Tp) = L e (K*(T a ),T l3 ). 



K*(T a ) = (K*) a A T A , 



(K*) a A h A p = K a p , (K*) a hAp = K a p 



Since K*(T a ) G H{M) 



Similarly, 



(K*)J = K aB h^ , (iTV = *«^. 
we have = 0, so that 

K*(T a ) = K a pfC% + K a ^% . 



K*(T a ) = K a ^% + = K*(T a ) . 

Sometimes we will identify K with its adjoint representation K* . With this identification, we say that the tensor 
K of type (2, 0) can be seen as a tensor of type (1, 1) and denote it by (K*) A B = K A B . The matrix representation 
of K* with respect to a frame {T a ,Ta,T} is 



K* 



K a ^ 
KcP 




If {T a } is such that h a g = 5 a p, we derive 



— K aj3 h 113 — K ai . 



Since K a ^ is a hermitian matrix, we then deduce that is a hermitian matrix. In what follows, we focus our 



attention on the hermitian block K& of the adjoint representation of K. It is now appropriate to define invariants 
related to hermitian matrices. 
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Let A be a hermitian matrix of order n. For each k G {1, n}, we define the k-th. invariant ak(A) associated 
to the matrix A as the k-th. symmetric elementary function of the eigenvalues of A. Precisely, if {Ai, . . . , A n } 
are the eigenvalues of A, we have 



<rk(A)= A n 



A 



h<...<ik 

Obviously, cr^(U* AU) = (Tk(A) for any unit matrix U, cti(A) = trago(A) and cr n (A) = det(A). 
For each k G {1, n}, consider the Garding's cone in W 1 defined by 

r+ = {A = (Ai, . . . , A„) G R n : Oj-(A) > for all j < k} . 

A hermitian matrix A of order n is said to be fc-positive, if the n-tuple A = (Ai, . . . , A n ) of eigenvalues of A belongs 
to Ft- In other words, <Jj(A) > for all j < k. In this case, we denote A G T^. 

Let us turn our attention to the pseudohermitian Schouten tensor Sg. The adjoint representation of Sg, with 
respect to a frame {T a }, is given by 





q 7 

"a 


Q 7 

°a 





S* e : 


Q 7 


a 7 
°a 

















where 



n + 2 



2(n + l) 



Remark that 



^l(5 a *0-5 a -—^(K -2^+l) /W «)-„ + 2 2(n + l) 

so that 

01(5^ = — — 



2(n + l) 

So, the fc-th invariant ct^ of Sq 7 is a good generalization of the Webster scalar curvature R associated to 9. Thus, 
given a CR manifold (M, 6) of dimension 2n + 1, we define its pseudohermitian /c-curvature by 



*k(6) = VkW) . 

A quite useful notion, closely related to the /c-positive metric one, is the notion of £>positive pseudohermitian 
structure. In fact, a pseudohermitian structure 9 on M is said to be /c-positive, if crj(8)(x) > for all x G M and 
1 < j < fe- When both # = e 2n # and are fe-positive, we simply say that u is fe-admissible. 

Another important geometric tensor is the pseudohermitian Cotton tensor, which can be defined from the 
Schouten tensor. Precisely, given a CR manifold (M, 9) of dimension 2n + 1, the pseudohermitian Cotton 
tensor associated to 9 is the tensor Cg of type (3, 0) locally defined by 



where again S p „ denote the components of the pseudohermitian Schouten tensor Sg. Note that this tensor measures 
a certain symmetry of the covariant derivatives of the pseudohermitian Schouten tensor such as occurs for the 
Riemannian Cotton tensor. 
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In |37j . Viaclovsky proved that the /c-Yamabe problem is variational whenever the Cotton tensor of the metric 
g is null. Theorem 1.1 establishes the corresponding result in the CR geometry context. A sufficient condition for 
the pseudohermitian Cotton tensor to be null is the pseudohermitian Schouten tensor to be parallel with respect 
to the Tanaka- Webster connection, that is X7S$ = 0. Another sufficient condition, which includes in particular the 
pseudohermitian spatial forms presented by Webster in |42| . is the pseudohermitian torsion to be parallel with 
respect to this same connection, this is S/tq = 0. 

In order to introduce the Cotton-admissibility notion, we remark that the condition C-x = is not CR invariant. 
In fact, denoting by C and S and C and S, respectively, the pseudohermitian Cotton and Schouten tensors 
associated to 9 = e 2u 9 and 9, we find 



CW = c a0;a ~ 2iu p {h^A ap + h a pA ap ) - 2(u a Up a - U a Up a ). (17) 

Indeed, 



= ( S ap ~ u ap ~ u 0a ~ ^u'h^).^ - (S a0 - U a p - Ufa - 2u 1 U l h^)- a 
= SaP;a ~ U ai3;a ~ U fia;a ~ 2u T ^U> ' h a p — 2u-yU'. a h a p 

so that 



-2(upu la + u 1 Up (J )h 1 ^h a ^ + 2(upU ia + u 1 u-^ a )K lfi h (J p 

-2{upU a(T + u a up a ) + 2(upu aa + u a up a ) 
= C a p. a — {u a p. a — u a p. a ) — (u0 a . a — Up a]C j + 2(u a Up (J — u a Up a ) . 

Thus, the desired equality follows directly from the identities (see [3], [26] ) 

U aj3;a ~ U aj3;a = ^ U> °{h a pA ap — h a ^A ap ) , 
u 0a;a ~ u j3a;a = ^ '(^a^o-p ~ h a pA ap ) . 

Now, if the pseudohermitian torsion of 9 is parallel with respect to the Tanaka- Webster connection, then C a ^ = 0. 
So, from ([17]) . we deduce that 

C a £-,a = -2iu p {h a pA ap + h a - p A ap ) - 2{u a up a - u a up a ) . 
On the other hand, if the pseudohermitian torsion is null, we obtain 

This suggests the following definition. A function u £ C°°{M) is said to be Cotton-admissible, if it satisfies 
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u a up g - u a up a = 

for any a, (3, a E {l,...,rt}. Some examples of Cotton-admissible functions u E C°°(M) are given by CR- 
pluriharmonic functions, that is functions u E C°°(M) for which there is a function v E C°°(M) such that 
/ = u + iv is CR-holomorphic. Thus, if u is CR-pluriharmonic and {r a } is a frame of (M, 9), then 

T /3/ = T ,3 U + iT p = Up + iVp = 0. 

Hence, up = and, therefore, Ug Q = us a = for any a, a E {1, n}. 
In the next sections, we need the following sets 

[9] + = {e 2u 9 : u is /c-admissible} , 
C[0] = {e 2u 9 : u is Cotton-admissible} 

and 

C[9] + = C[9] n [9] + = {e 2u 9 : u is fc-admissible and Cotton-admissible} . 
A pseudohermitian structure 9 £ C[9] will be called Cotton-admissible. 

3 The CR &>Yamabe problem 

Once introduced the notion of pseudohermitian A:-curvature in the previous section, it naturally arises the following 
question: 

The CR fc-Yamabe Problem. Given a compact CR manifold (M, 9) of dimension In + 1 > 3, finding an 
orientation preserving pseudohermitian structure conformal to 9 with constant pseudohermitian /c-curvature. 

Let (M,9) be a compact CR manifold of dimension 2n + 1. Given a pseudohermitian structure 6 = e 2u 6, 
according to the relation (fT5|) . the Schouten tensors Sg and Sq associated to 9 and 9 relate in an admissible 
coframe as 

S d = S e - 2V 2 u + (iT e u - \\duf e )L e . 
Assume that 9 has constant pseudohermitian fc-curvature, that is (Jk{9) = A for some constant A. Since 

*k(9) = a k {S c ?) = a k (h^S aB ) 
= e~ 2ku a k (h^S a0 ) 

= e- 2ku a k (S a ^ - 2uJ + [iT e u - \\du\\ 2 )5 a ^) , 
it follows that cr k (9) = A if, and only if, u satisfies the equation 

a k (S e - 2V 2 n + (iT u - \\duf e )L e ) = Xe 2ku . 

We next show that the preceding equation yields the CR Yamabe equation when k = 1. In particular, this 
equation will be called the CR £>Yamabe equation. In fact, we have 
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at (S e - 2V 2 u + (iT e u - \\du\\ 2 g )L g ) = trace((S^ - 2u aB + (iu - \\du\\ 2 e )h a - p )h^) 

= traced - 2u a p + iu h^ - \\du\\ 2 h a ^) 

= trace(5' Q 7 - - v? a - \\du\\ 2 e 5 a r ) 

= S a a -u a a -u^-\\duf e 5 a a 
R 

+ A b u - n\\du\\g , 



2(n + l 

where A b denotes the well-known sublaplacian operator. Here, it is used that possesses a particularly simple 
expression in terms of covariant derivatives (see [25]) when one considers an admissible coframe {0 a }, namely 

A b u = -«* + 0. (18) 

Thus, 

R + 2(n + l)A b u - 2n(n + l)||dtt||| = 2(n + l)Ae 2 " . 

Performing the canonical change e 2n = v p ~ 2 , with p = 2 + 2/n, modulo a constant factor, it arrives at the CR 
Yamabe equation 

C 1 [v]:=pA b v + Rv = 2(n + l)Xv p - 1 . (19) 

The operator C\ is the well-known CR Yamabe conformal operator. 

As mentioned in the introduction, the CR k- Yamabe problem was completely solved in the case that k = 1 
by Jerison, Lee, Gamarra and Yacoub based on the study of the above equation. Indeed, they approached and 
solved the problem under a variational view, since the equation f)19[) can be seen as the Euler-Lagrange equation 
associated to the minimization problem 

A(M) = mf{Y(v) : G(v) = 1} , 

where 



and 



Y(v) := I vd[v] dV e = [ (p \\dv\\ 2 + Rv 2 ) dVg 
Jm Jm 

G(v) := / <W~= f \v\ p dV e . 
Jm Jm 



One of the main results of this work concerns with the variational nature of the CR k- Yamabe problem when 
k > 1. In particular, we apply it in order to investigate the problem on the CR sphere. 

Dealing specifically with the proposed problem, our main contributions can be resumed in the two results 
below, which will be proved in Sections 4 and 5. Consider the following generalization of the functional Y: 

Y k :6^ I a k (9)dV § 
Jm 

constrained to the subset 

M = {8e [9] : [ dV~ = 1} 
Jm 

of conformal pseudohermitian structures 9 of unit volume and compatible with 9. 
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Theorem 3.1. (The variational property) Let (M,9) be a compact CR manifold of dimension 2ra + 1. If k > 1, 
then a pseudohermitian structure 9 £ M. conformal to 9 such that Cg = is a critical point of Y k if, and only if, 
°"fc($) = f or some constant \ k . 

Theorem 3.2. (An Obata type classification result) Let (S 2n+1 ,9) be the CR sphere of dimension 2n + 1 and be 
k > 1. // the pseudohermitian structure 9 = e 2u 9 £ C[#]+ has constant pseudohermitian k-curvature, then 9 is 
equal to a multiple of the canonical form 9 by some CR- automorphism ofS 2n+1 . 

4 The variational property and pseudo-Einstein manifolds 

Our main goal in this section is to provide the proof of Theorem 1.1 (or Theorem 3.1). For this, we need one 
preliminary lemma. Before stating it, we recall that the A;-th Newton transformation associated to a hermitian 
matrix A is given by 

T k {A) = a k (A)I - a k ^(A)A + ... + {-l) k A k . 

Some basic properties are satisfied by this transformation. For example, using the fact that if A and B are 
hermitian matrices, then AB is a hermitian matrix if, and only if, AB = BA, one concludes that T k (A) is always 
a hermitian matrix. 

Let 1 < k < n, 1 < i\, . . . , i k < n, the generalized Kronecker symbol is defined by 



6ll ... lk 



1, if i%, . . . , i k are distinct and (ji, . . . ,j k ) is an even permutation of (ii, . . . , i k ), 
— 1, if ii, . . . ,i k are distinct and (ji, . . . , j k ) is an odd permutation of . . . , i k ), 
0, otherwise 

In the following lemma (see [29]), we summarize some of the main properties satisfied by a k {A) and T k (A): 
Lemma 4.1. Let A = I A? ) be a hermitian matrix of order n. Then: 



(n(T k (A)oA) = (k + l)a k+1 (A) , 

T k (A) = a k (A)I-T k _ 1 (A)A, 

a^niA)) = (n-k)a k {A). 
We now are ready to prove Theorem 1.1. 
Proof. We first write 9 = e 2u 9 and evoke the relation (fT5l) . between the Schouten tensors Sg and Sq, so that 

a k (9) = e~ 2ku a k {S e - 2V 2 u + (iT e u - \\du\\ 2 )L e ) . 
Consider now the functional F k on C°°(M) given by 

F k (u) := Y k (e 2u 9) = [ e-^ n+k+1 ^a k (S e - 2V 2 n + (iT e u - \\du\\ 2 )L e ) dV e . 
Here it is used that dV~ = e~ 2 ^ +l)u dV e . 
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Let u,4> € C°°(M) and u(t) be a curve in C°°(M) such that w(0) = u and «(0) = 0. A simple computation 
gives us 



d_ 

It 



F k (u(t)) = -2(n + k + l) f (pe^ n+k+lS > u a k {S e - 2V 2 u + (iT e u - \\du\\ 2 e )L e ) dV e 

J M 

a k (Sg) dV e . 



t=o 

d 



, , e -2(n+fc+l)M 
M 



Using the two first relations of Lemma 14.11 by direct differentiation, we easily deduce that 

j t °k(A{t)) = T k - 1 (A<t))f±A(t)J> = a x {T k _ y {A{t)) o ^A(t)) . 

So, we obtain 



t=o ai 



a k (S e - 2V 2 u{t) + (iT e u(t) - L* e (du(t), du(t))) Lg) 

t=o 

d — 2 



^(Tfc-iOSg-) o -(5 - 2V^(t) + (»T fl u(t) - L* g (du(t),du(t)))L )) 



= a^-^Tk-iiS-) o (-2V 2 </> + (iT e 4> - L* 9 (du, d<P) - L* e (dcf>, du))L e )) . 
On the other hand, we have 

(-2V 2 </> + (iT e <j> - L* e (du, d(j>) - L* e {d4>, du))L e ) a0 = (-2^ + ifoh^) - {L* e (du, d(j>) - L* e {d4>, du))h ah 
Thus, since 

-2(f) a p + ifahap = -4> a i3- fipa 

and 

Ll(du, d<j)) = u a <j)ph al3 + Ua4>ph^ a = vP(f>n + u^<p^ = L* e (d(f>, du) , 

we derive 

(_2V 2 + (iT e <t> - L* e {du, d4>) - L* e (dxj>, du))L e ) a - p = -cf> a0 - cj) 0a - (2n^ 7 + 2v?^)h a? 

From the relation between the Christoffel symbols associated to 6 and 9, 
we obtain 

(V 2 ^)^ = 7>T^ - f = (V 2 ^ + 2u>h a p = Kfi + l^^Kp ■ 

Similarly, 

{V 2 <t>)p a = cj)p a + 2u*<^h a p. 

Therefore, 
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d 
dt 



t=0 



Finally, from 



a k (Sf) = a^-^T^Sj) o (-e 2u ((V 2 ^) a 7 + (V 2 0)\))) 

= -^(r*.!^) o ((vV)j + (v 2 ^)) . 

(V^)J + (V 2 0)\ = ((V 2 <^- + (V 2 ^ Q )7^ 
= (2(V 2 <^ - iT$h aB )h^ 
= 2(V 2 <f>)f-iT r f>6 { ?, 



we find 



Consequently, 



eft 



= -e^Vi^!^) o (2V^ - iT^I)) 



t=o 



~dt 



F k (u(t)) 



t=o 



-2(n + fc + 1) f <pe- 2( - n+k+1)u a k (S - 2V 2 u + (iT e u - \\du\\j)L e ) dV e 

JM 

+ J e -2(n+k+l)u 

hi dt 



(T k {Sn) dVg 



-2(n + k + l) I (f)crk(Sg) dVg - I e- 2 ( n+fc+1 )V fc V 1 (T fc _ 1 (5 e ~)o(2V^ 

I M JM 



iT~M)) dVg 



= -2(n + fc + 1) / dV^ " / <n(r fc _i(5 ? ) o (2V 2 </> - iT^/)) <W~. 

JM JM 

But, since Tk-i(S^) is hermitian, it follows by the integration by parts that 

.(T k -i(S~) o (-2V 2 <^> + iTrfl)) dV~ e = -2Re [ T^S^y dV~ Q , 



M 



M 



so that 



d 
~dt 



F k (u(t)) = -2(n + k + l) [ 4>a k {S~)dV^-2Rej T^S-) a l u* dV~ Q . 

t=0 JM JM 1 ' 



Using now the assumption that CV = 0, we find 



*5g 7 ;a ~ S a .p — {S^- a — S a v-p)K 1 ' 7 — C/3 d - a h la — . 



By Lemma 4.1, we have 



(fc-l)! 
1 



c-a\...ot k _ 1 a i q 7l o 7*-l\ 
°7i...7*-i7 l J ai • • • D ctk-i ); 



(k-2)\ 



s-ai...a k _ 1 a „ 7l „ 
[ °7l.»7fc-l7 °a 1 ;a ■ ■ ■ 



7fc-l 



So, we are led to 
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and this implies that 



dt 



F k (u(t)) = -2(n + k + T) I <Pa k (Sg)dV„. 

J M 



t=0 

Since we are considering the functional Y k constrained to the conformal pseudohermitian structures of unit volume, 
the remaining conclusion follows readily from Lagrange multipliers. 

□ 

Let (M,6) be a CR manifold of dimension 2n + 1. We say that 9 is pseudo-Einstein, if R a ^ = ^h a p. Unlike 
the Riemannian case, the pseudo-Einstein condition in general does not imply that the Webster scalar curvature 
is constant (for instance, see [2H])- However, a k {9) is constant if, and only if, the Webster scalar curvature is 
constant, whenever 9 is pseudo-Einstein. In fact, 

1 R 111 R 

so that 

ak(6) = °k{SS>) = a k (—^ — -8 J) = C(n, k) — z , 

V ' K a ' feV 2n(n + l) V ; (2n(n + l)) fc 

where C(n,k) denotes the Newton binomial coefficient. 

A natural question that arises here is whether the solutions of the CR fe-Yamabe problem on pseudo-Einstein 
CR manifolds coincide with the solutions of the CR Yamabe problem. In an attempt to answer this question, 
we are led to analyze the effect of the deformation 6 = e~ 2u 6 of a pseudo-Einstein structure 6. In Lee 
showed that if 6 is pseudo-Einstein, a necessary and sufficient condition for 9 to be pseudo-Einstein is u to be CR- 
pluriharmonic. So, if 9 is pseudo-Einstein and if 9 = e~ 2u 9 is a conformal deformation of 9 by a CR-pluriharmonic 
function u, then 9 is a solution of the CR Yamabe problem if, and only if, it is a solution of the CR k- Yamabe 
problem. 

As an immediate consequence of Theorem 2.1, it follows that if 9 is a solution of the A;- Yamabe problem 
and, in addition, the Cotton tensor vanishes, then 9 is pseudo-Einstein. In particular, u\{9) is constant and, 
consequently, solutions of the CR A;- Yamabe problem are also solutions of the CR Yamabe problem. 

In order to prove this fact, beyond Lemma 4.1, we need another key tool, see |37| . 

Lemma 4.2. Let A be a hermitian matrix of order n. If A G , then 

a k+ M) < ^^^(AMA) . 

Furthermore, 

a k+1 {A) = JL^^MA) 
if, and only if, A = XI n for some constant X, where I n stands for the identity matrix of order n. 

We now are ready to provide a proof of Theorem 1.2. 
Proof. We begin by writing 9 = e~ 2u 9. Since 9 is pseudo-Einstein, we have 

Se = -z—, — 7T\ Le ■ 
2n(n + 1) 

Using the identities 

-2u 



R = e - Zu (R + 2(n + l)(A b u) - 2n(n + l)\\du\\f) 



21 



and 



we deduce that 



U = e 2u L 2 



Se = ( R : + — - 
y v 2n(ra+l) n " U()J e 

Then, joining the above equality with 

S e = S s -2V 2 u + (iTpi - \\du\\ 2 ~)L^, 



we obtain 



So, we can write 



~ 2 °"i(<%) r . Ajm 
2V z u = 6g- —2- Lg- + ^Tg-u — )Lg 



/ ^(T^) o (2VV)) = / <n(T fc (^)o(S r ^/ + (iV 

= / ffl (T fc (^)o^-^^r fc (^) + (^-^)T fc ^))dV~ 

= [ ffl (T fc (^)o^)-^^ CTl (T fc (^)) + (^-^)a 1 (T fe (5,~))d^. 
J M n n 

By Lemma l4.ip . we have 

^l( T k(Sg) ° S~) = (k+ l)a k+ i(S~) and ai(T k (Sg)) = (n - k)a k (Sg) , 

so that 

/ ffi(T fc 0%) o (2V 2 u)) ^ = / (fc + l)* k+1 (Sf) - ^^(n - k)a k (S ? ) + (i7> - ^)(n - k)a k (S~) dV~ 

= (fc + 1) f M °k+i{Se) - n ^ k ~ + \f ^ s e)^( S e) dv t> + J M iT ^ n ~ k ) a ^ S e) dV e~\ J *b™k(S~) dVj. 
Consequently, 

I *i(T k (S~) o (2V 2 u)) dV~ e - [ iTpiaxiniS-)) dV~ Q 
Jm Jm 

f n — k If — 

= (k + l) J^a k+1 {S~) - -—— a^SffaiS-) dV~-- J A b ua k (S~) dV~. 

Since cr k (Sg) is constant, we have 

/ A b ua k (S~) dVg = a k (Sg) / A b u dVg = . 
Jm Jm 



)/)) dV~ e 



Noting also that 



22 



I <n(T k (S~) o (2V 2 u)) dVg - [ tTpia^TkiS-)) dVz = [ ai(T k (S$) o (2V 2 u - iTpiI)) dV~ 
and integrating by parts, we find 

/ °i{T k (S~) o (2V 2 « - il>/)) <ft£ = 2i?e / T k ^(S d ) a .y dV~ Q . 
Jm Jm ' 

But, as previously remarked, the assumption C~ = yields T k _i(Sg)^ a . a = 0. Therefore, 

^ <rfc+i(5g) - 4^^y gfc(^g-)gi(gg) dV$ = . 
Since is fc-positive, we can apply the Lemma 14.21 so that 



Hence, 



a k+1 (Sj) - JL-J^ akiSffaiS-) < 0. 



<rk+i(Sg) - ^: <r k (Sg)ai(S ? ) = 



and then Sz = XI n for some constant A. So, 



R 



and 

A * 



2n(n + 1) 

Finally, we show that 9 is pseudo-Einstein. Precisely, 



R 

l(n + l)' 
R_ 
2(n + l)' 

n + 2 1 
2n(n+ 1) + 2(n + 1) 



(n + 2)(V)V- + ^7— rprhap 



Thus, 



7? - - ^ - 

a/3 ~ n a/3 ' 



5 An ellipticity property 

In this section, we provide a short proof of Theorem 1.5. We will base on the following lemmas whose proof 
be found in [7]: 
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Lemma 5.1. For any two hermitian matrices A,B*E of order n and any t € [0,1], we have the following 
inequality 

{(7 fc ((l - t)A + tB)} 1 * > (1 - t){a k {A)}^ + t{a k (B)}i 
Furthermore, if A G Vt, then T k -i{A) is positive definite. 

Lemma 5.2. Let A = (Ai, . . . , A n ) S . Then, 

o-k-i(A) > k -—C(n,k) 1 / k [a k {K)] {k - 1)/k ■ 

With these lemmas at hand, we prove Theorem 1.5 below. 

Proof. If 9 is fc-positive, we have, by definition, that Sg € T^". Since M is compact, at a maximum point p of the 
function u, we obtain 

S^p) = S e (p)-2V 2 u{p) 

where V 2 u(p) is negative semi-definite. By Lemma 15. 11 it follows that Snip) £ ! & . So, using the assumption 

cr fc (S~) = Cu > on M, 

from the connectedness of the Garding cones and from Lemma 15.21 we deduce that 6 . 
The linearization of 

F[n, Vn, V 2 u] = - 2V 2 u + {iTgu - \\du\\ 2 e )L e ) . 

toward </> yields 

£>F[«, V«, V 2 U ](0) = ai (ffc-iC^) o V 2 ^) . 
The conclusion then follows from the second part of Lemma |5.1| since T k -i(Sg) is positive definite. □ 

6 The CR A;-Yamabe constant 

The canonical structure 6 on the CR sphere § 2n+1 is pseudo-Einstein and torsion- free. In particular, if 6 E C[8] + has 
constant pseudohermitian fc-curvature, then 6 is pseudo-Einstein. So, 6 has constant Webster scalar curvature. 
In [23], Jerison and Lee characterized these pseudohermitian structures. Moreover, they established that if 9 
has constant Webster scalar curvature, then 8 is pseudo-Einstein and torsion-free. In this case, 6 has constant 
pseudohermitian fc-curvature. Corollary 1.4 then follows from Corollary 1.3 and from the characterization provided 
in Theorem A of [23]. 

On the other hand, the following question remains open: is there any pseudohermitian structure on S 2n+1 
compatible with the canonical structure which has constant pseudohermitian /c-curvature and is not CR equivalent 
to the standard one? We believe not and raise the following conjecture: 

Conjecture 6.1. Let (E> 2n+1 ,6) be the CR sphere of dimension 2n + 1. Then, 9 € [9]+ has constant pseudoher- 
mitian k-curvature if, and only if, it has constant Webster scalar curvature. In particular, any solution of the 
k-Yamabe problem on S 2n+1 can be built from a scalar multiple of the canonical structure 9 by a CR- automorphism 
of the CR sphere. 
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Our main target in this section is proving Theorems 1.3 and 1.4. Theorem 1.4 furnishes a partial answer to 
Conjecture 6.1. 

Let (M, 0) be a CR manifold of dimension 2n + 1. Given a conformal pseudohermitian structure 6 = e 2u 6, we 
recall that 

Sg = S - 2V 2 u + (iT e u - \\du\\ 2 d )L e . 
Making the standard change e 2u = v 2 l n , we get 

n 1 V„o V a Vj5 

^,^)= V = -(f-^), 



Lqu = , 

n v 



\\du\\j = L* e (du,du) = L* e (^, ^) = ^Wdvfg . 
So, 

_ _ 2V 2 v 2Vv®Vv 2 AT e v \\dv\\ 2 

b e ~ be 1 2 *~ _( ^o o — T> 6 

° n v n v A n 2 v 2nv z 



But, this equality can be rewritten as 



2 V 

u n v 



where 



V = V[v] := ^S e - V 2 v + + hiTov - ^)L e . (20) 

2 v 2 nv 

Thus, 

a k (9) = a k (v- 2 ' n h^^) = fifv-W+WatiVS) = (-) V^+^flO - 
n v n n 

and so, if o~ k (6) is a constant c, then v satisfies 

n i\H+2l "-+2 1 

v {1 - k) ~a k (V) = Xv~ = Xv p (21) 

where A = rfekc. 

As in the introduction, given a compact CR manifold (M, 0) of dimension 2n + 1, we introduce the constants 

x k (M) = mf{Y k (e):eeMn[e}}, 



A+(M) = mf{Y k {6) :9eMn [6]+} 

and 

X c k (M) = mf{Y k (9) :6eMn C[6} + ) . 
As a direct consequence of Theorem 1.1 and Corollary 1.4, we derive the following result: 

Corollary 6.1. Let (§ 2 " +1 ,0) be the CR sphere of dimension 2n + l. Then, the constants X k (8 2n+1 ), A^(S 2n+1 ) 
and X k (S 2n+1 ) are achieved by multiples of 6 by some conformal CR- automorphism o/S 2n+1 . Moreover, A^(S 2n+1 ) 
is achieved only by these structures. 
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For 9 = v p 2 9, we already know that 

<rk@) = (-) v k ^a k {V) 
n 

and 

dV$ = v p dV e , 

where p = 2 + 2/n and V is provided in ([201) . 

We now turn our attention to the normalized functional 

Y k (9) _ f M v^ 1 -V +k a k (V)dV e 

This will be called the CR fc-Yaraabe functional. When k = 1, clearly J k is, modulo a constant factor, the CR 
Yamabe functional (see [24| ) . 
Notice that 

A fc (M) = inf{(-) fc J k (v) : v G C°°(M) , u > on M} . 
n 

So, if 9 = v p ~ 2 9 satisfies Cg- = 0, we conclude that 9 has constant pseudohermitian fc-curvature if, and only if, v 
is a critical point of the CR A;- Yamabe functional. 
We next furnish the proof of Theorem 1.3. 

Proof. We first recall that 

g2n+l := S 2 ^ 1 - {(0, -1)} 

can be identified, via the Cayley transformation F : S 2n+1 — > HP, with the Heisenberg group HP. Moreover, we 
can consider the pseudohermitian structure 9$ on S^ n+1 inherited from the canonical pseudohermitian structure 
Go on HP, namely 9q = F*Qq. Thus, the map 

F: (S 2n+1 ,9 )^(M n ,Q ) 

is an isopseudohermitian map. 

The CR A:- Yamabe constant on § 2n+1 can be written as 

X k (8 2 ^) = inf{(-) fc %f^^S^ : v G C-(HP) , „ > on M} . 
Consider now the function vq G C 00 (W a ) given by 



where w = t + i\z\ 2 . We can write 



Letting 



we have 



v = v (z,t) = \w + i\ n , 



2 / n r\ I i -I-2/-A 

% Bo = \w + i\ Bo • 



b(z, £) = \w + i| 2 , 
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On the other hand, 



F*{be ) = (boF)F*Q 



b o F(z, z 



1 + ^n+l' U +z n+l\2 



\l + z 



n+l\2 



and it is well-known that 



Thus, 



n+li-2/ 



2/n Q 



% = F*Q = \l + z 



F*(v 2 Q /n 9 ) = F*(\w + ir 2 9 ) 



Since 6 has constant pseudohermitian fc-curvature and is torsion- free, the function vq € C°°(M) is an extremal for 
the CR /c-Yamabe functional 



In other words, 



where 



But, 



Jk{v) 



l-2k/np 



A fc (S 2 " +1 ) = (-) 



n 



l-2k/np ' 



Vo = ^-^00 - V v H h -(«T 0o wo 

2 uq 2 nvo 



A fc (S 2n+1 ) 



^(D fc < (1 " fc)+fc ^(^o) ^e 

/§2n + l 
(J§2n + 1 



2/n„ 

'0 Q o 
v 1— 2k/np 



So' 



l-2k/np ' 



Since ak{0) is constant, we derive 

A fe (S 2 " +1 ) = o k {6) 



/§2 " +1 d \, =a k (6)\ 



2k /np 



Using the fact that 9 is pseudo-Einstein, we have 
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a k 0) = C(n,k) 



(2n(n + l)) k 



where R denotes the Webster scalar curvature of 9. 
Therefore, 

(2n(n+l))*V Us>-+' 7 ) 
Thanks to the fact of the Webster scalar curvature R to be constant, the above equality yields 

A: 



^rg2n+U _ C(n,k) I J § 2n+iRdVg 



Finally, consider the CR Yamabe functional 



(J* S 2n+l dVg) 



2/p 



defined on [6]+, where R denotes the Webster scalar curvature of 9. In [23], Jerison and Lee proved that 9 is an 
extremal of this functional and that 

A(S 2 " +1 ) = inf{/(0) : 9e M n [9] + } = ^ 2 " +1 R ^ = 2™(n + 1) • 

Consequently, 

M§ 2n+1 ) = / C(n,k \ J 2nn(n + l)) fc = C(n, k)n k . 
(2n(n + 1)) 

□ 

We conclude this section with the proof of Theorem 1.4. 

Proof. Let 9 = v p ~ 2 9 be a /c-positive pseudohermitian structure conformal to 9. Since o~\{9) is positive, the 
Webster scalar curvature of 9 is positive. We have the operator ai(\(Se)) satisfies the comparison principle, see 
[5] and [28]. 

Let v\ be a solution of the CR Yamabe problem. As it is well-known, 

JiM<A(S 2n+1 ). 

Moreover, when (M, 9) is non-locally CR-equivalent to § 2n+1 , we have the strict inequality J\{v{) < A(S 2n+1 ). By 
Theorem 1.5, proved in the previous section, and the standard elliptic theory developed in [7], [10], [15], [34] and 
Q\ (see also [H]), the equation 



<J k (V) = C n , k v<f 1)k on M , 
admits a unique positive solution v k E C°°(M), where C n ± = C(n,k)n k . By Lemma I5T21 we obtain 

-pA 6 v fc + Rv k = ax (X(V k )) > n 2 ^" 1 on M . 

On the other hand, v\ satisfies 



28 



-pAfe-yi + Rvi = n 2 Vi 1 on M . 



So, by the comparison principle, 



In order to establish that 



it suffices to show that 



Since, for any k > 2, 



we have 



t>fc > t>i on M . 



A+(M) < AftS** 1 ) 



Thus, 



But, we also have 



Therefore, 



2n+l\ 



Jk{v k ) < A+(S : 



p(l - k) + k = p — k{p — 1) < , 



p(i-fc)+fe , p(i-fe)+fe , , 
v k <v\ on M . 



[ vf~ k)+k a k (V k ) dV e < C n , k [ v f~^ v ^ dVe 
Jm Jm 

< c n , k [ v f-^ v [p-^ dVe 

JM 



M 



= C n ^ k \ v\ dV e . 
Jm 

v p k dV e > [ v\dV e . 



f M vf~ k)+k a k (V k ) dV e 



Jk{vk) 



(lM<dV e ) 



<C n , fc / vldVe 



M 



2k /np 



and so, the inequality J k (v k ) < A^f (§~ n+ ) follows directly from 

A+(S 2n+1 ) = C(n,fc) A(S 2 " +1 ) fc 



□ 
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